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What is Data Assimilation? I

Data Assimilation is the process by which forecasts of imperfect
numerical models are adjusted according to real-noisy observations.

Data assimilation is the process by which observations are
incorporated into a computer model of a real system.

In operational data assimilation the number of components in the
model state ranges in O(108).

What is the problem?

We want to estimate:

x∗k = Dtk−1→tk

(
x∗k−1

)
, for 1 ≤ k ≤ T ,

where x∗k ∈ Rn×1.

D is unknown.
T number of discrete times.

The components in data assimilations are,
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What is Data Assimilation? II

An imperfect numerical model.

An observation.

An observational operator.
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Componentes in Data Assimilation I

Noisy observations:
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(b) Hk ≈ Hk
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(c) yk = Hk · x∗k + θo
k
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Componentes in Data Assimilation II

with

yk = Hk (x∗k) + θo
k ∈ Rm×1, for 0 ≤ k ≤ T ,

where Hk : Rn → Rm and θo
k ∼ N (0m, R).m ∼ O(107).

Imperfect numerical model:

xk =Mtk−1→tk (xk−1) , for 1 ≤ k ≤ T ,

with xk ∈ Rn×1.
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The Bayes Theorem I

Prior distribution: probability distribution before the evidence is
accounted.

Likelihood: which is the probability of the evidence given the
parameters.

Posterior distribution: best estimate after observations are
assimilated.

P(x |y) =
Pb(x) · L(x |y)

P(y)

∝ Pb(x) · L(x |y)

Prior help us to understand our beliefs...
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The Bayes Theorem II
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Figure: Some prior beliefs...
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The posterior estimate I

From Bayes’ theorem we know that,

Pa(x) = P(x |y) ∝ Pb(x) · L(x |y)

The prior is assumed to be Gaussian,

Pb(x) =
1√

2 · πσb
· exp

(
−1

2
· (x − xb)2

σ2b

)
∝ exp

(
−1

2
· (x − xb)2

σ2b

)
The likelihood is assumed Gaussian as well,

L(x |y) =
1√

2 · πσo
· exp

(
−1

2
· (y − x)2

σ2o

)
∝ exp

(
−1

2
· (y − x)2

σ2o

)
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The posterior estimate II

Hence, the posterior reads,

Pa(x) ∝ exp

(
−1

2
· (x − xb)2

σ2b

)
· exp

(
−1

2
· (y − x)2

σ2o

)
= exp

(
−1

2
· (x − xb)2

σ2b
− 1

2
· (y − x)2

σ2o

)
= exp (−Q(x)) ,

where,

Q(x) =
1

2
· (x − xb)2

σ2b
+

1

2
· (y − x)2

σ2o
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The posterior estimate III

The Maximum A Posteriori (MAP) , this is, the value of x which
maximizes the analysis probability Pa(x) is the optimal value of,

xa = xoptimal = arg min
x

Q(x) .

In the data assimilation context, xoptimal is known as the analysis
state xa.
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Figure: Q(x) depending on (σb, σo).
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The posterior estimate IV

The derivative of Q(x) reads,

Q ′(x) =
(x − xb)

σ2b
− (y − x)2

σ2o
.

Setting this derivative to zero, we obtain,

0 = Q ′(x) =
(xa − xb)

σ2b
− (y − xa)

σ2o

=
xa

σ2b
− xb

σ2b
− y

σ2o
+

xa

σ2o
=

(
1

σ2b
+

1

σ2o

)
· xa −

(
xb

σ2b
+

y

σ2o

)
,

and therefore, the MAP reads,

xa =

(
1

σ2b
+

1

σ2o

)−1
·
(
xb

σ2b
+

y

σ2o

)
.
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The posterior estimate V

We can work a little bit on this estimate in order to find out
something interesting,

xa =

(
1

σ2b
+

1

σ2o

)−1
·
(
xb

σ2b
+

y

σ2o

)
=

(
σ2b + σ2o
σ2b · σ2o

)−1
·
(
xb

σ2b
+

y

σ2o

)
=

(
σ2b · σ2o
σ2b + σ2o

)
·
(
xb

σ2b
+

y

σ2o

)
=

(
σ2o

σ2b + σ2o

)
· xb +

(
σ2b

σ2b + σ2o

)
· y

= α · xb + (1− α) · y ,

where α = σ2
o

σ2
b+σ2

o
∈ [0, 1].
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The posterior estimate VI

Clearly xa is the posterior mode with variance,
σ2
b·σ

2
o

σ2
b+σ2

o
, (homework)

show that, the moments of the posterior distribution are,

x |y ∼ N
(
xa,

σ2b · σ2o
σ2b + σ2o

)
Let’s check some cases,
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The posterior estimate VII
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Figure: (σb, σo) = (0.9, 0.7).
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The posterior estimate VIII
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Figure: (σb, σo) = (0.9, 0.3).
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The posterior estimate IX
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Figure: (σb, σo) = (0.9, 0.7).
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The posterior estimate X
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Figure: (σb, σo) = (0.9, 0.3).
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